KAWASAKI DYNAMICS IN THE CONTINUUM VIA GENERATING 
FUNCTIONALS EVOLUTION 

D. L. FINKELSHTEIN, YU. G. KONDRATIEV, AND M. J. OLIVEIRA 

Abstract. We construct the time evolution of Kawasaki dynamics for a spatial 
infinite particle system in terms of generating functionals. This is carried out by 
an Ovsjannikov-type result in a scale of Banach spaces, which leads to a local (in 
time) solution. An application of this approach to Vlasov-type scaling in terms of 
generating functionals is considered as well. 
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1. Introduction 



rS^ , Originally, Bogoliubov generating functionals (GF for short) were introduced by N. N. 

^H 1 Bogoliubov in [2] to define correlation functions for statistical mechanics systems. Apart 

from this specific application, and many others, GF are, by themselves, a subject of 
interest in infinite dimensional analysis. This is partially due to the fact that to a 
probability measure fi defined on the space T of locally finite configurations 7 C K d one 
may associate a GF 

B„(0):= fdn(rf)l[(l + 9(x)), 

yielding an alternative method to study the stochastic dynamics of an infinite particle 
system in the continuum by exploiting the close relation between measures and GF [5J [5] . 

Existence and uniqueness results for the Kawasaki dynamics through GF arise natu- 
rally from Picard-type approximations and a method suggested in [6l Appendix 2, A2.1] 
in a scale of Banach spaces (see e.g. [3 Theorem 2.5]). This method, originally presented 
for equations with coefficients time independent, has been extended to an abstract and 
general framework by T. Yamanaka in |12) and L. V. Ovsjannikov in [10) in the linear 
case, and many applications were exposed by F. Treves in jllj . As an aside, within an 
analytical framework outside of our setting, all these statements are very closely related 
to variants of the abstract Cauchy-Kovalevskaya theorem. However, all these abstract 
forms only yield a local solution, that is, a solution which is defined on a finite time 
interval. Moreover, starting with an initial condition from a certain Banach space, in 
general the solution evolves on larger Banach spaces. 

As a particular application, this work concludes with the study of the Vlasov-type 
scaling proposed in [3] for general continuous particle systems and accomplished in [T] 
for the Kawasaki dynamics. The general scheme proposed in [3] for correlation functions 
yields a limiting hierarchy which possesses a chaos preservation property, namely, starting 
with a Poissonian (non-homogeneous) initial state this structural property is preserved 
during the time evolution. In Section U the same problem is formulated in terms of GF 
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and its analysis is carried out by the general Ovsjannikov-type result in a scale of Banach 
spaces presented in joj Theorem 4.3]. 

2. General Framework 

In this section we briefly recall the concepts and results of combinatorial harmonic 
analysis on configuration spaces and Bogoliubov generating functionals needed through- 
out this work (for a detailed explanation see [HE]). 

2.1. Harmonic analysis on configuration spaces. Let L :— T 9 d be the configuration 
space over R d , d £ N, 

L := {7 C K d : I7 n A| < 00 for every compact A C R d } , 

where |-| denotes the cardinality of a set. We identify each 7 £ L with the non- negative 
Radon measure ^2 xe ~S x on the Borel cr-algebra B(M. d ), where 5 X is the Dirac measure 
with mass at x, which allows to endow L with the vague topology and the corresponding 
Borel cr-algebra B(T). 

For any n £ N := N U {0} let 

L (n) := {7 £ T : | 7 | = n}, n £ N, r (0) := {0}. 

Clearly, eachL^™), n £ N, can be identify with the symmetrization of the set {(xi, ...,x n ) £ 
(R d ) n : Xi ^ Xj if i ^ j}, which induces a natural (metrizable) topology on T^ and the 
corresponding Borel cr-algebra fi(L(")). In particular, for the Lebesgue product mea- 
sure (dx) m fixed on (R d ) n , this identification yields a measure m^ on (L("\23(L( n ))). 
For n — we set m^({®}) := 1. This leads to the definition of the space of finite 
configurations 



To := U r< 



n=0 

endowed with the topology of disjoint union of topological spaces and the corresponding 
Borel cr-algebra B(T ), and to the so-called Lebesgue-Poisson measure on (r ,B(r )), 

00 -. 

(2.1) A:=A dx := V-m("'. 

^-^ TV. 

n=0 

Let i3 c (R d ) be the set of all bounded Borel sets in R d and, for each A 6 B c (R d ), let 

L A := {?] £ r : 77 C A}. Evidently L A = U,"o r A n) : where r A l) : = r A n r(n) - n e No- 
Given a complex- valued £>(Lo)-measurable function G such that Gfp\r A — f° r some 
A £ B c (M. d ), the JT-transform of G is a mapping KG : L — > C defined at each 7 £ L by 

(2.2) (XG)( 7 ) := Y, G ^- 

|tj| <oo 

It has been shown in [7] that the iiT-transforni is a linear and invertible mapping. 

Let A4f m (F) be the set of all probability measures fi on (T,B(T)) with finite local 
moments of all orders, i.e., 

dfi(j) | 7 n A|" < 00 for all n G N and all A £ B c {W l ), 
r 

and let Bbs(Lo) be the set of all complex-valued bounded £>(Lo)-measurable functions 
with bounded support, i.e., G\ , /. |JV r (n)\= for some N £ No, A £ S c (M rf ). Given 
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a/i£ ./Vff m (r), the so-called correlation measure p^ corresponding to p is a measure on 
(r , B(r )) defined for all G G B hs (T ) by 

(2.3) / dp^rf) G{rj) = / dn{y) (KG) (7). 



/A 

r JT 



This definition implies, in particular, that -Bbs(Fo) C L 1 (r , p M )o Moreover, still by 
on £? bs (r ) the inequality ||^G|| L i( r . M ) < ||G||Li(r ,p \ holds, allowing an extension of 
the if-transform to a bounded operator K : L 1 (ro,p M ) — > L l (T,p) in such a way that 
equality (|2.3[) still holds for any G G I/ 1 (ro,p jU ). For the extended operator the explicit 
form (J2.2I) still holds, now /x-a.e. In particular, for coherent states e^(/) of complex- 
valued ,B(R d )-measurable functions /, 

(2.4) e x (f, V ):=l[f(x),r,€T \{<D}, e A (/,0):=l. 

x£r] 

Additionally, if / has compact support we have 

(2-5) (Ke x (f))( 1 ) = H(l + f(x)) 

for all 7 G T, while for functions / such that e\(f) G L 1 (r ,p M ) equality (|2.5|) holds, 
but only for p-a,.a. 7 G T. Concerning the Lebesgue-Poisson measure (|2.ip . we observe 
that e A (/) e LP(T 0l X) whenever / G i p := i p (R d ,dx) for some p > 1. In this case, 
||eA(/)||i,j> = exp(||/|| p p ). In particular, for p = 1, in addition we have 



dX(ri)e\(f> V) = exp / dx f(x) 

\jR d 

for all / G L 1 . For more details see |S]. 

2.2. Bogoliubov generating functionals. Given a probability measure p on (r, B(T)) 
the so-called Bogoliubov generating functional (GF for short) B^ corresponding to p is 
the functional defined at each £>(R d )-measurable function 8 by 

(2.6) B^e)- f dud) H(i + e(x)), 

provided the right-hand side exists. It is clear from (|2.6|) that the domain of a GF B^ 
depends on the underlying measure p and, conversely, the domain of B^ reflects special 
properties over the measure p. Throughout this work we will consider GF defined on the 
whole complex L 1 space. This implies, in particular, that the underlying measure p has 
finite local exponential moments, i.e., 

/ dn{i) e a|7nA| < 00 for all a > and all A G B c (R d ), 

and thus p G Mj m (T). According to the previous subsection, this implies that to such a 
measure p one may associate the correlation measure p^ , which leads to a description of 
the functional B^ in terms of either the measure p^: 

Bp(0)= f dp( 1 )(Ke x {9)){ 1 )= f d Ptl (ri)ex(e,ri), 
Jr Jr 

or the so-called correlation function fc M := -rf corresponding to the measure p, if p^ is 
absolutely continuous with respect to the Lebesgue-Poisson measure A: 

(2.7) B M (9)= f d\(ri)ex(0,ri)k M (ri). 

Throughout this work all L p -spaces, p > 1, consist of complex-valued functions. 
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Throughout this work we will assume, in addition, that GF are entire on the L 1 
space [9], which is a natural environment, namely, to recover the notion of correlation 
function. For a generic entire functional B on L 1 , this assumption implies that B has a 
representation in terms of its Taylor expansion, 



B(8 + z6) = y —d n B(e ; 9, ..., 6), zeC,6e L\ 

being each differential d n B(8o; ■), n E N, 9q € L 1 defined by a symmetric kernel 

S n B{6 - •) <E L°°(R rf ™) := L°°({R d ) n , (dx)® n ), 
called the variational derivative of n-th order of B at the point 9q. That is, 

(2.8) d n B(9 ; Bx, ..., 9 n ) : - -= j— B \0o + J2 Zi9i 



=z n =0 



dzi...dz n 

/it, 
dxx ■ ■ .dx n 5 n B(9 ;x ll . . .,x n )T\0i( 
.BL d )*> Z_n 



i=X 



for all Ox, ■■■,0 n S L ■ Moreover, the operator norm of the bounded n-linear functional 
d n B(9 ; •) is equal to \\5 n B(9 ; ■)\\ Loo r Rdn \ and for all r > one has 

(2.9) \\SB{8 Q ;-)\\ Lx(md) <- sup \B(9 Q + 9')\ 

r\\6'\\ Ll <r 

and, for n > 2, 

(2.10) \\S n B(9 ;-)\\ L ^ {Rdn) <nl(-) sup \B(9 + 9')\. 

Vr/ l|e'|lx,i<»- 

In particular, if B is an entire GF B^ on L 1 then, in terms of the underlying measure 
//, the entireness property of By, implies that the correlation measure p^ is absolutely 
continuous with respect to the Lebesgue-Poisson measure A and the Radon-Nykodim 

derivative k u = — -^ is given by 
p d\ 6 

kp(rj) = S^B^O-rj) for A-a.a. r] e T Q . 

In what follows, for each a > 0, we consider the Banach space £ a of all entire func- 
tional B on L 1 such that 

||£[[ a := S up(\B(0)\e-i^r.A < ^ 
eeL 1 v ' 

see [5]. This class of Banach spaces has the particularity that, for each a® > 0, the family 
{£ a ■ < a < ao} is a scale of Banach spaces, that is, 

£ a "Q£ a ,, || • Ha' < || • ||a" 

for any pair a', a" such that < a! < a" < u$. 

3. The Kawasaki dynamics 

The Kawasaki dynamics is an example of a hopping particle model where, in this 
case, particles randomly hop over the space R d according to a rate depending on the 
interaction between particles. More precisely, let a : R d — > [0, +oo) be an even and 
integrable function and let <j> : R d — > [0, +oo] be a pair potential, that is, a ^Im- 
measurable function such that <fi(—x) = </>(x) € R for all x 6 R d \ {0}, which we will 
assume to be integrable. A particle located at a site i in a given configuration 7 £ f 
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hops to a site y according to a rate given by a{x — y) exp(— E(y, 7)), where E(y, 7) is a 
relative energy of interaction between the site y and the configuration 7 defined by 

E(y, 7) := ^ <j){x - y) € [0, +00] . 

Informally, the behavior of such an infinite particle system is described by 
(3.1) (LF)( 7 ) = W dy a(x - y)e~ E ^ (F( 7 \ {x} U {y}) ~ F( 7 )) . 

Given an infinite particle system, as the Kawasaki dynamics, its time evolution in 
terms of states is informally given by the so-called Fokker-Planck equation, 

(3-2) — =L fa, fit | t=0 = Mo, 

where L* is the dual operator of L. Technically, the use of definition (|2.3|) allows an 
alternative approach to the study of (|3.2p through the corresponding correlation functions 
k t :— fc Mt , t > 0, provided they exist. This leads to the Cauchy problem 

d 

—k t = Lkt, h\t=o = k o, 

where fco is the correlation function corresponding to the initial distribution // and L 
is the dual operator of L := K~ X LK in the sense 

dX(r,)(LG)(r ) )k( V )= f dX(rj)G( V )(L*k)( V ). 

To Jt 



Through the representation (|2.7|l . this gives us a way to express the dynamics also in 
terms of the GF B t corresponding to fit, i.e., informally, 

(3.3) §- t B t( 9 )= I dX^exie.^) (j^lkirij) = jf dX{ri)e x {6,rj){L*kt){rj) 

To 

This leads to the time evolution equation 

(3.4) <£-i*. 

where, in the case of the Kawasaki dynamics, L is given cf. 0] by 

(3.5) (LB)(9) 

dx J dya{x-y)e-' l > ix - y) (8(y)~8(x))5B(ee~' t ' {v - ] + e -^ y - ) -l;x). 



Theorem 3.1. Given an uq > 0, let Bo S £ ao - F° r each a £ (0,ao) there is a T > 
(which depends on a, cto) such that there is a unique solution B t , t £ [0, T), to the initial 
value problem (|3.4p . (|3.5|) . B t \ t= o = Bq in the space £ a . 



This theorem follows as a particular application of an abstract Ovsjannikov-type result 
in a scale of Banach spaces which can be found e.g. in [5, Theorem 2.5], and the following 
estimate of norms. 

Proposition 3.2. Let < a < uq be given. If B £ £ a >> for some a" £ (a,ao\, then 
LB £ £ a > for all a < a 1 < a" , and we have 

\\LB\\ a , <2e^H L i-^-H|B|| a ». 
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To prove this result as well as other forthcoming ones the next lemma shows to be 
useful. 

Lemma 3.3. Let <p, ip : R d x R d -4 R be such that, for a.a. y £ R d , tp(y, •) G L°° := 

L°°(M. d ), tp(y, •) G L 1 and \\<p(y, -)\\l°° < cq, \\ip(y, OIIl 1 ^ c i f or some constants cq, c\ > 
independent of y. For each a > and all B G £ a let 

(L B)(9):= I dx [ dya(x-y)e-W x -vHd(y)-e(x))SB(<p(y,-)e + ip(y,-);x), 



9 G L 1 . Here a and <f> are defined as before and k > is a constant. Then, for all a' > 
such that co«' < a, we have LqB G £ a / and 

ci rv 

||io-B]U'<2e^||a|| L i 7 \\B\\ Q . 

a — c$a' 

Proof. First we observe that from the considerations done in Subsection 12.21 it follows 
that LqB is an entire functional on L 1 and, in addition, that for all r > 0, 9 G L , and 
a.a. x, y G K d , 

\SB(ip(y, -)9 + 1>(y, •); x)\ < \\6B(<p(y, -)9 + t/,(y, •); OIL- 

<- sup \B(<p(y,-)$ + iP(y,-)+$o)\, 

r l|flo|lii<r 

where, for all 9q G L 1 such that H^olU 1 < r , 

llv(y.O«+*(»,0llrl , r <= ll»ll r l+<=l + '' 

|B( V (j/, •)<? + ^(y, •) + M < ||B|| Q e = + " < \\B\\ a e = . 

As a result, due to the positiveness of <f> and to the fact that a is an even function, for 
all 9 G L 1 one has 

\(L B)(9)\ <-e COm '« +CX+T \\B\\ a [ dx f dya(x - y)e- k ^^\9(y) - 9(x)\ 

<-e-^-\\a\\ L 40\\ L ie—^\\B\\ a . 
Thus, 



\L B\\ a/ = sup [e-^^^\{L B)(9)\ 
eeL 1 



, 2 c^ 
< -e « a 



Lx||B||«Bup(e-(*-*)ll^|l«llL. 

flcr.i v 



where the supremum is finite provided -L, — a > 0. In such a situation, the use of the 
inequality xe~ mx < -^-, a; > 0, m > leads for each r > to 

IlioSlU' < -IMUie^ -, — ,A B\\ a . 
r e[a — cqq ) 



gl + r 



1 cit' 

The required estimate of norms follows by minimizing the expression -e~ ~ in the pa- 
rameter r, that is, r = a. □ 



Proof of Proposition \3.SX In Lemma 13 .31 replace </? by e - * and ^ by e - * — 1, and consider 
k = 1. Due to the positiveness and integrability properties of one has e"^ < 1 and 
e~^ — 1| = 1 — e - ^ <0G L 1 , ensuring the conditions to apply Lemma T3. 31 □ 

Remark 3.4. Concerning the initial conditions considered in Theorem lS.ll observe that, 
in particular, Bq can be an entire GF _B Mo on L 1 such that, for some constants ao, C > 0, 

|B«,(0)| ^ Cexp( ) /or aH G L . In such a situation an additional analysis is need 

in order to guarantee that for each t the local solution Bt given by Theorem \3.1\ is a GF 
(corresponding to some measure). For more details see e.g. [5, 9 and references therein. 
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4. VLASOV SCALING 

We proceed to investigate the Vlasov-type scaling proposed in [3] for generic contin- 
uous particle systems and accomplished in [T for the Kawasaki dynamics. As explained 
in both references, we start with a rescaling of an initial correlation function ko, denoted 
by /cq , e > 0, which has a singularity with respect to e of the type k^ (rj) ~ £~^ro(fj), 
i] G To, being r$ a function independent of e. The aim is to construct a scaling of the 
operator L defined in (|3.1|) . L £ , e > 0, in such a way that the following two conditions 
are fulfilled. The first one is that under the scaling L H- L e the solution k\ f , t > 0, to 

K t — i^ e n, t , n t | t=0 — ft, 

preserves the order of the singularity with respect to e, that is, k\ e ' (rj) ~ e^l^rt^), 
7? G T . The second condition is that the dynamics r n> r t preserves the Lebesgue- 
Poisson exponents, that is, if r Q is of the form r = ^x(po), then each r t , t > 0, is of 
the same type, i.e., r t — e\(p t ), where p t is a solution to a non-linear equation (called a 
Vlasov-type equation) . 

The previous scheme was accomplished in 1 through the scale transformation (f> t- > e<p 
of the operator L, that is, 

(L £ F)( 7 ) := J2 I ^ < x ~ yy- eEivn) (Hi \ M U M) - F( 7 )) . 
As shown in [31 Example 12], pQ, the corresponding Vlasov-type equation is given by 
(4.1) ^Pt(x) = (p t *a)(x)e-te**K*)-fr(x)(a*e-b t **))( x ), x eM. d , 

where * denotes the usual convolution of functions. Existence of classical solutions < 
Pt G L°° to (|4.ip has been discussed in [I]. Therefore, it is natural to consider the same 
scaling, but in GF. 

To proceed towards GF, we consider k t £ defined as before and Kf^ en (rj) := e^kf (rj). 
In terms of GF, these yield 

B[ e) (6):= f d\(rj)e x (9,r,)k < f ) (rj), 

and 

B\% n (e) := / d\(n)e x (9,rj)Ui% n (n)= I dX( V )e x (s9,r,)kl e \r 1 ) = B { f\e9\ 

leading, as in (|3.3[) . to the initial value problem 

(ao\ _r( £ ' — T r( £ ) r( £ ) — r^ 

\^-^) a.- D t,ren — ^e,ren-D( ]ron 7 t,rcni t=0 — -"O.rcn- 

Proposition 4.1. For all e > and a// 9 G L 1 , we have 

(L e>Ten B)(6)= [ dx f dya(x-y)e-^ x -y\9(y)-9(x)) 

JR d JS. d 

/ +, \ e - e <t>(v—) - i 
(4.3) x SB I 9 e - £ ^-^ + ; 

Proof. Since 

(L € , cn B)(9) = f d\(r]) (L Eiren e x (9))( V )k(ri), 
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first we have to calculate (L E ^ en ex(9))(rj) := e~^L £ (e\(e9,rj)), L e = K~ l L E K cf. [3i. 
Similar calculations done in j4 : , Subsection 4.2.1] show 



(L E , Ten e x (9))(v) = Y) I dya{x~ y)e~^~y\9{y) - 6(x)) 

\ee-*+<»~) + _ , v \ {x} j , 



x e x 



and thus, using the relation between variational derivatives derived in [SJ Proposition 
11], one finds 

(L E , Ien B)(9) = f dX(r,)k( V )y / f dya(x-y)e-^-y\e{y)-e{x)) 

x ex l$e- e +<»-) + ,tj\ {x}\ 

dx f dya(x-y)e- e ^ x -y\9{y)~9(x)) 

JWL d 

d\(r)) k(r) U {x})ex ( 9e~ e * (v - ) + , V 

dx f dya{x-y)e- £ ^ x -y\9{y)-9(x)) 



x SB I Be-****-) + -xj. D 

Proposition 4.2. (i) If B G £ a for some a > 0, then, for all 9 G L 1 , (L Ercn B)(9) 
converges as e tends to zero to 

(L V B)(9):= f dx f dya(x-y)(9(y)-9(x))6B(9-cf > (y--y,x). 



(it) Let cxq > a > be given. If B G £ a " for some a" G (a,«o], then {L ETen B, LyB} C 
£a' for all a < a' < a" , and we have 

\\L#B\\ a , <2||a|| L i— ?*—J^\\B\\ a „ 
(a" — a') 

where L# — L Ercn or L# — Ly . 

Proof, (i) To prove this result we first analyze the pointwise convergence of the variational 
derivative (|4.3|) appearing in L £ilGn - For this purpose we will use the relation between 
variational derivatives derived in [S] Proposition 11], i.e., 

6B(B 1 + 9 2 ;x)= f d\(n)5 M+1 B{9 1 ;nU{x})ex(9 27 v), a.a. x G R d , 6 1 ,6 2 G L 1 , 

which allows to rewrite (14.31) as 



j., s e -e<Kv—) - l 
SB { 9e~ £ ^ y - ) + -x 



(4.4) = / d\( V )5M+iB(9-cf>(y--); V U{x}) 



r<> 



ex le (e-^fo-0 - lj + + 4>( y — ),7?J 
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for a. a. x,y £ M. d . Concerning the function 

fe ■= fe(0, <j>,y) := 9 ( e -^to-) - 1) + tUL -1 + 4>{y - •) 

which appears in (|4.4[) . for a. a. y £ R d , one clearly has lim e ^o A = a.e. in R d . By 
definition (12.41) . the latter implies that e\(f £ ) converges A-a.e. to e\(0). Moreover, for 
the whole integrand function in (J4.4I) . estimates (|2.9p . (|2.10[) yield for any r > and 
A-a.a. ?7 € r , 



< 



S^ +1 B(6 - q)(y - -); V U {x})e x (f E ,rj) 

6W +1 B(e-<j>(y -•);•) 

e\M+i 

eA(.|/ E |,?7j 

|9ollii<r 



Jd(hl+i)) 



eA(|/e|,»?) 



<(N + l)lf-)" +1 eA(|/ e |,»7) sup |B(«-^(y-.) + M 
Vr/ iifl„ii , <•_ 



/e\hl+i ii»-*(v— )ii r i+r 
< (fo| + 1)! (-) e A (|0| + 2\4>(y - -)U)e = ||B|| 



with 



I I _L 1 ^^ _l_ 1 

dX( V ) (M + l)! (-) "" e A (|0| + 2|^y-)U) = £>+l) (T~~ (|[%i+2|| 



i 1 ; 



being finite for any r > e(||#|| L i + 2||0|| L i). 

As a result, by an application of the Lebesgue dominated convergence theorem we 
have proved that, for a. a. x,y £ K rf , (|4.4[) converges as e tends to zero to 

d\( V ) 5 M+1 B(6 - 4>{y - ■)■ V U {x})e A (0, V ) = 8B{9 - 4>{y - ■)■ x). 
In addition, for the integrand function which appears in (L e>Ten B) (9) we have 



a(x - y)e- e ^ x - v \e{y) - 6(x))SB ( e ~ e *(v-) + 



-e<t>(y- 



< -a(x - y)\9(y) - 0(a:)|||B[[ Q exp ( -\ 



li 1 



\4>\\ 



L 1 



for all e > and a. a. i,i/£ R d , leading through a second application of the Lebesgue 
dominated convergence theorem to the required limit. 

(ii) In Lemma 15751 replace <p by e~ 6 ^, ip by — , and k by e. Arguments similar to 

prove Proposition 13.21 complete the proof for L eTen . A similar proof holds for Ly. □ 



Proposition 14.21 (ii) provides similar estimate of norms for L e , r0 n, e > 0, and the 
limiting mapping Ly. According to the Ovsjannikov-type result used to prove Theorem 
13.11 this means that given any 5 ,v,-Bo Icn e ^a , £ > 0, for each a £ (0, ao) there is 

a T > such that there is a unique solution B\ f Ien : [0, T) — > £ a , e > 0, to each initial 
value problem (|4.2j) and a unique solution B t .v '■ [0,T) — > £ a to the initial value problem 

d 

(4-5) -TTrBty = LyB t y, B tt v^ t _ Q = B .y. 

In other words, independent of the initial value problem under consideration, the solu- 
tions obtained are defined on the same time-interval and with values in the same Banach 
space. For more details see e.g. Theorem 2.5 and its proof in [5j. Therefore, it is natural 
to analyze under which conditions the solutions to (|4.2[) converge to the solution to (14.51) . 
This follows from a general result presented in [5] (Theorem 4.3). However, to proceed 
to an application of this general result one needs the following estimate of norms. 
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Proposition 4.3. Assume that < cj) £ L 1 n L°° and let a$ > a > be given. Then, 
for all B £ £ a " ■ ct" £ (a, ao], t/ie following estimate holds 

||^£,rcn-B — LyB\\ a > 



eao 



<2e o|Ux MU- — B[U»e- 



(a" - a') 2 

/or aH a' such that a < a' < a" and all s > 0. 
Proof. First we observe that 

(L e>Ten B)(6) - (L v B)(d) < f dx J dya(x-y)\9(y)-9(x)\ 

JWL d JM d 



:x) -SB(e-<j>(y--);x) 



with 



(4.6) 



e -e0(^-a) ( J B ( 6 , e -^fe-) + 



e<f>(y—) _ i 



x - SB I 



0(2/ - ■);•■£) 



< 



5B { 6» e - £0(2/ - ) + 



-e<p(y- 



:x -SB(9-0(y--);x) 



+ fl- e - e ^ x ~ y A \8B(6-<f>(y--);x)\. 



In order to estimate (|4.6p , given any # , #i > #2 S i 1 , let us consider the function Cg y g lv g 2 (t) 
dB (t6 1 + (1 — i)fe; 9o), t £ [0, 1], where dB is the first order differential of B, defined in 
One has 

d d 







dB(e 2 + t(d 1 -d 2 ) + s(ei-e 2 y,d ) 



s=0 



i) 2 



dsids[ 



■B(9 2 + t(6i - 6 2 ) + si(0i - 6 2 ) + s 2 9 ) 



dx / dy(9 1 (x)-9 2 (x))9 (y)6 2 B(9 2 +t(9 1 -9 2 );x,y), 



leading to 

\dB(9 1 ;9 )-dB(9 2 ;9 )\ 
= \C0o,6i,0aO-) ~ Ceo,ei,e 2 (0)| 
< max f dx f dy\0 1 (x)-9 2 (x)\\9 (y)\\5 2 B(9 2 +t(9 1 -9 2 )-x,y)\ 

t£[0,l]jRd jRd 



< 



Pi - e 2 \\ L i\\e \\ L i max \\5 2 B(9 2 + t(6 x - 9 2 ); OIIl-c**). 



where, through estimate (|2.10|) with r — a" , 

\\5 2 B(9 2 +t(9 1 -9 2 );-)\\ L ^ (R2d) <2^\\B\\ a „exp 



h + t(9 1 -9 2 )\\ L i 



As a result, 



\dB(9 1 ;9 Q )-dB(0 2 ;9o)\ 



:2-5t||0i -02||li||0o||li||B|| q » max ,expf '"' L ' "" 



n- 



//2 



te[o,i] 



72 il 
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for all Oo,di,02 £ L 1 . In particular, this shows that for all 80 E L 1 , 



dB 1 ut 

„3 



8 ) -dB(0-<l>(y--y t Oo) 



<2e- 



o 



111 



\B\ 



W + U\W)\\U 



L 1 



t€[0,l] 



x max exp — (t (\\9\\» + MUO + (!"*) (IMU* + IMUO) 



-2s- 



\B\ 



1^ + WiOexp — OTli + Wli." 

* a" 



^OllL 1 , 



where we have used the inequalities 



||(/e 
(v-0 _ 1 



-e<)>(y — ) 



»IUt<e||^|U»||^|Ui, 



£ 



+ <KV-') L1 <e\\<t>h~Uhi, 



,-e<j>(y—) + * ^ 



< 



IM 



L 1 - 



In other words, we have shown that the norm of the bounded linear functional on L 

( ., n p -#(j/— ) - 1 \ 
L 1 3 8 a 1-4 rfB I flc-"^"-^ + ; O J - dB (0 - 0(j/ - ■); #o) 

is bounded by 



Q := 2e^[|^|| i «||B|| a // (||0|| L i + \\<f>\\ L i)exp ( ±- (\\6\\ L t + ||0|| L i 



Since this operator norm is given by 



SB [ Oe-^y-^ 



5B{B-4>{y -•);•) 



cf. Subsection 12. 2[ this means that 

e ~e<j>{y—) _ y 



SB 9e- £ ^ y - 



£ 

In this way we obtain 

(£ e , reI1 B)(0) - (£yB)(0) 
< [ dx [ dya{x-y)\9(y)-d(x)\ 

JR d JS. d 

<SB [ e - £ ^-) + f i ; 



;• - ^(0-^j, -.);•) 



< 



<JB (6 - <j>{y 



+eU\\ L ~\\8B{e-^y--)- 1 -)\\ La 
<2e||0||^||a|| L1 ^ 7 exp f-L (||0|| Ll + |^|| Ll )) ||0|| L i 



> ^2— (||6»|Ui + ||0|| Ll ) + l^||B|| a , 



a a 



a" j 
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and thus 

\\L e ^ cn B — LvB\\ a > 

<2 £ ||0||^|| a || Ll 4e^ i (24supf||0||| 1 expf||0|| Ll 
a" { a" geL i V V 

+ ( 2 £l Wi , + !) ^ (| WU , «„ (,„„ (_L - -1))) } || B | 

and the proof follows using the inequalities xe~ rnx < — and x 2 e~ mx < —4-* for x > 0, 

m> o. a 

We are now in conditions to state the following result. 

Theorem 4.4. Given an < a < ao, fe£ -B t IGn , B t y , t G [0, T), &e the local solutions in 
£ a to the initial value problems (|4.2p . (|4.5|) w/ii/i B £ { cn7 Boy G £ ao - If < 4> E L 1 C\ L°° 
and lim e _n) ll-B^ren ~~ B 0,vlUo = °> ^ en < / or eacft * e [°i r )> 

lim||B t ( J m -B tiV || a = 0. 

Moreover, if Boy (8) = exp (L d ctepo(#)0(a:)), 5 G -k 1 - for some function < po G £°° 
smc/i i/iat IIpoIIl 00 < > i/ien /or each t G [0,T) ; 

(4.7) Bty(6)=exp([dxp t (x)0(xyj, 9 G L x , 

where < p t G £°° is a classical solution to the equation (|4.1|) . 

Proof. The first part follows directly from Proposition 14.31 and [SJ Theorem 4.3], taking 
in [SJ Theorem 4.3] p = 2 and 

iV e = 2 e ||a|| L1 ||0|| L oo^e^ i max{2 e ||0|| L1 + ^,8ag} . 
a L e J 

Concerning the last part, we begin by observing that it has been shown in [T| Sub- 
section 4.2] that given a < po G L°° such that ||po||l°° < — , there is a solution 
< pt G L°° to P~T1) such that \\pt\\h°° < ■£-■ This implies that B t y, given by (I4T71) . 
does not leave the initial Banach space £q, C £ a - Then, by an argument of uniqueness, 
to prove the last assertion amounts to show that B t y solves equation (14.51) . For this 
purpose we note that for any 9, 9\ G L 1 we have 



B t y {9) / dxp t (x)9 1 (x), 



^—B t y(8 + z 1 9 1 ] 

dz l z 1= 

and thus 8B t y(9;x) = B t y(9)pt{x). Hence, for all 9 G L 1 , 

(L v B t y)(9)=B t y(9)( [ dx f dya(x-y)(e(y)-0(x))fH(x)e-<***Kv) 

\jR d jR d 

= B ty (0)( [ dy9(y)(a*p t )(y)e-^*^ 

\JWL d 

- J dx9(x) (a*e-b*" Mv A (x)p t (x)\ . 

Since pt is a classical solution to (|4.1[) . p t solves a weak form of equation (j4.ll) . that is, 
the right-hand side of the latter equality is equal to 

Bt,v(0)i [ dxpt(x)9(x) = ^-B t y(0). D 

at j & d at 
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